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Relation between the roots and coefficient of equations.

Let the equation be X" + p;x™" + pox"> + ... + po.iX + p, = O.If this equation has the

roots oy, o, 3, ..., oy, then we have

n-2

X"+ pix™ + pax"Z + ... + PprX + Pa

=X =o)X —03)...(x—0y)

=x"-Yax" 1+ @ ax® % — =10y, @3, 3, ..., O

= S S L DS,

Where S; is the sum of the products of the quantities oy, oy, 03, ..., 0, taken r at a time.

Equating the coefficients of like powers on both sides, we have

-p1 =S; =sum of the roots.

(-1)’p2 =S> = sum of the products of the roots taken two at a time.
(-1 )3p3 =83 = sum of the products of the roots taken three at a time.
(=1)"pn =S, = product of the roots.

. . - =2
If the equation is aox" + a;x"" + a;x"+ ...+ ap.1X + a5 = 0.
Divide each term of the equation by aj.
an

P a s a - an-
The equation becomes x" + =2 x""1 4 =2 x""2 4 ... 4 Zly $ 20 =
ag Qo a ap

and so we have

E a; = —a—o
E a a; _a_o
E alazas--a—ﬂ

0 003...0, =(=1)" 22
ap

These n equations are of no help in the general solution of an equation but they are
often helpful in the solution of numerical equations when some special relation is known to

exist among the roots. The method is illustrated in the examples given below.
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Example 1. Show that the roots of the equation x° + px” + gx + r = 0 are in Arithmetical
progression if 2p’ — 9pq + 27r = 0 show that the above condition is satisfied by the equation
x® — 6x” + 13x — 10 = 0. Hence or otherwise solve the equation.
Solution.
Let the roots of the equation x* + px> +qx +r=0be a — 8, &, o + d.
We have from the relation of the roots and coefficients
a-dtat+ta+d =-p
(a—d)a+(a-938)(a+d)+a(au+d)=q
(a—98)a(a+d)=-r.

Simplifying these equation, we get

3a=-p (1)
3a°-8% =q - (2)
-ad =-r. 245

From(l),u=—%.

2

From (2), & = 3(— %)2 -q= p? -q.

Substituting these value in (3), we get

(-9 -(-9E-0)--

ie.2p’—9pq+27r=0.

In the equation x* — 6x” + 13x — 10 = 0.

p=-6,q=13,r= - 10.

Therefore 2p3 -9pq+27r= 2(—6)3 -9(-6)13+27(-10)=0

The condition is satisfied and so the roots of the equation are in arithmetical

progression. In this case the equations (1), (2), (3) become

3a=6
3a°-8% =13
o —ad® =10.

a =2,12-8> =13
Therefore §2= -1
ie., 0==+i.

The roots are 2 —1, 2, 2 + 1.



Example 2. Find the condition that the roots of the equation ax® +3bx’> +3cx +d =0 may be

in geometric progression. Solve the equation 27x” + 42x* — 28x — 8 = 0 whose roots are in

geometric progression.

Solution.

Let the roots of the equation be %’ k, kr.

k 3b
Therefore = +k+ kr= —

k? 2 3c
—+K+ Kr==
r a

K=-<
a

From (1), k(}+ 1 +r): —1—".
From (2), k? G+ 1 +r) :i—c.
—r

Divided one by the other, we getk = 3

3
Substituting this value of k in (3), we get (—E)

Therefore ac® = bd.

In the equation 27x° + 42x” - 28x —8 =0

k 42
;+k+ kr=—§
k2 28
T+k2+ k2r=—5
8
K
2
. k: 5_

Substituting the value of k in(4), we get

42

el R

3 + 10r+3=0
@r+1)(r+3)=0

1
Therefore r = —3Orr=- 3.

For both the value of r, the roots are -2, ;
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Example 3. Solve the equation 81x° — 18x” — 36x + 8 = 0 whose roots are in harmonic

progression.

Solution.

Let the roots be a, B, y.

Then3= l+l
B a vy

e, 2ya= By +af
From the relation between the coefficients and the roots we have
18
+B+y=—
at+f+y = e

ap+pyrye=-= 3)

From (1) and (3), we get
2ya+ya=— %
36

s |

Therefore ya = — =

Substituting this value of ya in (4), we get

BCE-5

W

Therefore p =

From (2), we have

From (5)and (6), we get

2

2
i = S TG




2 2 2
The roots are 55 and — =

Example 4. If the sum of two roots of the equation x* + px3 + qx2 +1x + s = 0 equals the sun

of the other two, prove that p* +8r = 4pq.
Solution.
Let the roots of the equation be a, 3, y and 6
Then a+f =y+9d sl )

From the relation of the coefficients and the roots, we have

GFER+yY G == e (2)
op+oay+ad+ PBy+Po+yd = q @ ... (3)
afy+afd+ayd+ Pyd = -r  .......... (4)
afyd = s . (5)

From (1) and (2), we get
20+B )=-p e (6)
(3) can be written as
ofp+yd+(at Py +d) = ¢q
ie., (fp+yd8)+(@+ p’>=q ... (7)
(4) can be written as
af(y +8) +yd(a+ B) = —r
(apt+yd)a+ B) = -r (8)
From (6) and (7), we get
ap +y8+ ’;—2 =q

2

af+v8 =q - ()



From (8), we get

1l
|
H

— S(op+ ¥8)

aptyd¢ =— ...

Il
—_—
[
o
~

_p _
H=7 = -
4pq-p’ =8¢
p3+8r:4pq.

Example 5. Solve the equation x* — 2x” + 4x” + 6x — 21 = 0 given that two of its roots are

equal in magnitude and opposite in sign.
Solution.
Let the roots of the equation be a, B, y and 8
Here y=-9
e gba=0 020000 (1)

From the relation of the roots and coefficients

a+PHy +6 =2 .. )

ap+ay+ad+ Py+pitys = 4 . 3)

afy +apd+ayd+ Byd = -6 ... ()
apyd = =21 i (5)

from (1) and (2), we get a + 3 =2
(3) can be writtenas af +yd + (a+ PB)(y +6) = 4
of+ys=4 . (7)

(4) can be written as off(y +d) +yd(a+ B) = -6



vo(a+ PB) = -6 ... (8)
from (6) and (8), we get 190=-3.....09)
buty+ §=0 =~ y=+3, §=—3.
From (7) and (9), we get af =7
~ o and B are the roots of x2 —2x + 7 =0.
ra=1+v=6,p=1 —V=6
Therefore the roots of the equation are + \/g 1 i\/—_6.

Example 6. Find the condition that the general bi quadratic equation ax’ + 4bx’ + 6¢cx” +

+ e = 0 may have two pairs of equal roots.

Solution.
Let the roots be a, a, B, B.

From the relations of coefficients and roots

2a42p=-= L. (1)
o + 2 +4a|3=i—" ............ (2)
20p?+20p=-= L. 3)
2 —— (4)
From (1), we get a+p= —za—b ........ (5)
From (3), we get 2afi(a +f) = —%d
“ of =% ......... (6)

From (5) and (6), we get that o,  are the roots of the equation x>+ %b-x + % =0

2
sax? +4bx’ + 6cx*+4dx +e = a(x2 + %x + %)



Comparing coefficients

4b? 2d ad?
6c—a(ﬂ—z+?) and e =—5

-

~ 3abc = a’d + 2b° and eb” = ad’.
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